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a b s t r a c t
This paper examines population structure through the prism of pairwise genetic distances. Two complementary perspectives, framed as two simple questions, are explored: Q1: What is the probability that
a random pair of individuals from the same local population is more genetically dissimilar than a random
pair from two distinct populations? Q2: On average, how genetically different are two individuals from the
same local population, in comparison with two individuals chosen from any two distinct populations? Models are developed to provide quantitative answers for the two questions, given allele frequencies across
any number of markers from two diploid populations. The probability from Q1 is shown to drop to zero
with increasing number of genetic markers even for very closely-related populations and rare alleles.
The average genetic dissimilarity of two individuals from distinct populations diverges from the average
dissimilarity of two individuals from the same population by a percentage dependent on estimates of
population differentiation. This perspective also suggests a measure of population distance based on the
intuitive notion of pairwise genetic distance, along with a simple method of estimation. Results from
recent empirical research on inter-individual genetic distance in human populations are analyzed in the
context of the theoretical framework.
© 2012 Elsevier Ireland Ltd. All rights reserved.

1. Introduction
What we observe is not nature itself, but nature exposed to our method of questioning. – Werner Heisenberg (1958)
The average genetic similarity between two human individuals is currently estimated at anywhere between 99.9% and 98.4%, depending
on the types of polymorphisms targeted (Levy et al., 2007; Pang et al., 2010). The vast majority of human variants with frequency larger
than 5% have been discovered and geneticists can readily assay millions of single nucleotide polymorphisms (SNP) in an individual genome
(Lander, 2011). In terms of SNPs, the residual 0.1% from an average similarity of 99.9% translates to roughly three million nucleotide differences between any two individuals from worldwide populations, a number that ﬂuctuates with geographical distance and socio-ethnic
origin (Ahn et al., 2009). Studies of genetic differences between individuals have often invoked two distinct perspectives, captured as questions effectively addressing the distribution of pairwise distances across multiple populations. One perspective is framed in probabilistic
terms –
Q1: What is the probability that a random pair of individuals from the same local population is more genetically dissimilar than a random
pair from two distinct populations?
A complementary perspective targets the actual discrepancy of pairwise distances –
Q2: On average, how genetically different are two individuals from the same local population, in comparison with two individuals chosen
from any two distinct populations?
Recent literature has approached these types of issues from the standpoints of theoretical analysis (Risch et al., 2002; Edwards, 2003; Gao
and Martin, 2009) and straightforward empirical applications (Bamshad et al., 2004; Witherspoon et al., 2007; Ahn et al., 2009; Rosenberg,
2011). For instance, Edwards (2003) has described a simple haploid model that allows differentiating within- and between-population
pairs of individuals from the information contained in the half-matrix of pairwise distances. The distance distributions that emerge allow
identiﬁcation of the underlying population clusters with an error rate tending to zero as the number of independent polymorphisms
considered increases. Risch et al. (2002) have used similar reasoning to critically remark that the assertion that “any two individuals
within a particular population are as different genetically as any two people selected from any two populations in the world” (Editorial,
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2000) is both counter-intuitive and factually incorrect. Gao and Martin (2009) extend Edwards’ pairwise-distance model to ﬁt diploid data,
providing theoretical support for the assertion that populations can be distinguished through their pairwise distance matrix. Their results
indicate that population stratiﬁcation analysis may be highly effective using simple pairwise genetic distances taken across a large number
of SNPs.
Other studies use empirical applications of pairwise distances to provide insight into individual genetic similarities across populations.
Using multilocus statistics and data from 377 short tandem repeat (STR) loci typed in individuals from three continental regions, Bamshad
et al. (2004) have showed that pairs of individuals from distinct populations are often more similar than pairs from the same population.
They nonetheless stress that for any level of population differentiation “individuals from different populations are, on average, slightly
more different from one another than are individuals from the same population”. From the analysis of various types of polymorphisms
across worldwide populations, Jorde and Wooding (2004) have similarly concluded that variation tends to be geographically structured,
such that “most individuals from the same geographic region will be more similar to one another than to individuals from a distant region.”
Witherspoon et al. (2007) have examined the effect of additional markers on genetic similarities by deﬁning a dissimilarity fraction w
based on allele sharing distance of several types of biallelic markers. They arrive at an estimator for w from empirical data, showing that
its behavior depends primarily on the number of polymorphisms sequenced and the differentiation of the populations being compared.
With three distant populations, w approaches zero when a high number of informative loci are included (>1000), but remains above
3% with eight geographically intermediate and admixed populations. From a different angle, using empirical analysis of hundreds of
microsatellite polymorphisms, Rosenberg (2011) concludes that the mean pairwise difference of a random pair of individuals from the
totality of worldwide populations exceeds the mean difference for pairs from the same local population by around 8%.
However, the dependency of estimates from such studies on the number and frequency of polymorphisms examined, and especially on
average population differentiation, has not yet been fully addressed in the context of a general model. In what follows we develop a model for
answering the two questions posed at the outset. Subsequently, simulations of the model under various levels of population differentiation
are compared against empirical results reported from resent research. Finally, we develop an intuitive formulation of population distance
that represents one application of the model, and propose a method of estimation using only a small population sample.
2. The model for Q1
2.1. Haploid model
To gain intuition into the mathematical analysis we ﬁrst brieﬂy review a simple haploid model. Let pi denote the frequency at locus i of
allele ‘A’ in population 1, and let and qi denote the frequency of the same allele in population 2 (so that 1 − pi and 1 − qi are the frequencies
of allele ‘a’) across n polymorphic loci, such that 0 < pi , qi < 1. The model considers pi and qi as underlying population parameters, rather
than estimates from population samples. We assume that both populations are effectively very large and have the same contribution to
the total population. The probabilities of a mismatch of two alleles for haploid individuals from population 1 (w1i ), from population 2 (w2i ),
and from different (bi ) populations are,
w1i = 1 − [pi 2 + (1 − pi )2 ] = 2pi (1 − pi )
w2i = 1 − [qi 2 + (1 − qi )2 ] = 2qi (1 − qi )

(1)

bi = 1 − [pi qi + (1 − pi )(1 − qi )] = pi + qi − 2pi qi
At each locus deﬁne the pairwise distance be 0 for a match and 1 for a mismatch of the alleles, and let the individual pairwise distance
be the mean across all sequenced loci. Formally, Let a Bernoulli random variable Xi represent the distance at haploid locus i, and consider
the mean of Xi across n loci,
1
Xi
n
n

Dn =

(1.1)

i=1

Assuming linkage equilibrium within populations, the distribution of Dn for between-population and within-single-population pairs can
be modeled by generalized binomials, scaled to the domain [0,1], with the following probability mass functions (pmf) (see Tal, 2012, Appendix
(A.2)),




1 d(nk) 

Wc (k) = P(Dn = k|within pop c) =
(1 − wci + wci · z) z = 0
(nk)! dz

n

i=1




1 d(nk) 

(1 − bi + bi · z) z = 0
B(k) = P(Dn = k|between) =
(nk)! dz

n

(2)

i=1

k : 0,

1 2
, , ...1
n n

where Wc (k) is the probability of distance k for pairs within a single population c ∈ {1, 2}, and B(k) is the probability of a between-population
distance of k. Note that these pmf’s are an exact description only under the assumption of an inﬁnite population model (or very large
relative to the number of loci), such that there are sufﬁcient instances of each distance to represent true probabilities.
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Fig. 1. The distributions of the within-population and between-population pairwise distances Dn for haploid genotypes, using W(k) in Eq. (2.3) and B(k) in Eq. (2); here
pi = 0.35/qi = 0.65 and qi = 0.35/pi = 0.65 interchangeably across 50 loci. Half the overlap area roughly corresponds to the dissimilarity probability  n .

We denote by  n the dissimilarity probability from Q1 that a randomly chosen pair from either population 1 or 2 is more dissimilar than
a randomly chosen between-population pair, with respect to n independent biallelic loci. If we deﬁne independent random variables Y1 ∼
W1 (k), Y2 ∼ W2 (k) and Z ∼ B(k), then under the assumption of equal population size,



n

n









1
1
1
1
= P (Z ≤ Y1 ) + P (Z ≤ Y2 ) =
W1 ( nk ) ·
WB ( ni ) +
W2 ( nk ) ·
WB ( ni )
2
2
2
2
k=0

k

i=0

n

k=0

k

(2.1)

i=0

We would also like to formulate the pmf of the average distance Dn across the two within-single-population distributions, which is
henceforth termed the within-population distribution. The probability of a mismatch of two alleles for haploid individuals from the same
population (wi ) is an average of two probabilities from (1),
wi = 1 −

1 2
[p + (1 − pi )2 + q2i + (1 − qi )2 ] = pi + qi − p2i − q2i
2 i

(2.2)

These probabilities across loci are generally not statistically independent and it is consequently not possible to formulate the pmf for
their sum W(k) = P(Dn = k|within) in the manner of Eq. (2) (Appendix H). Nevertheless, particular combinations of allele frequencies induce
complete independence of Xi (namely, pi = qi or pi + qi = 1 across all loci), and in such cases the pmf is,




1 d(nk) 

W (k) = P(Dn = k|within) =
(1 − wi + wi · z) z = 0
(nk)! dz

n

(2.3)

i=1

k : 0,

1 2
, , ...1
n n

where also W(k) = Wc (k). We use this expression only for illustration purposes in Fig. 1. The mean of within-population distances is always
lower or equal to the mean of the between-population distances. From Eq. (1.1),
1
1
1
1
E(Xi |within) =
wi ≤ E(Dn |between) =
E(Xi |between) =
bi
n
n
n
n
n

E(Dn |within) =

n

i=1

since from Eq. (1), 0 < wi ≤

i=1
1
2

n

i=1

n

(2.4)

i=1

and wi ≤ bi < 1.

Consequently, half the overlap area of the within- and between-population distributions, given formally by

1
2

n






min W ( ni ), B( ni ) ,

i=0

roughly corresponds with the dissimilarity probability  n .
The overlap area of the two distributions in Fig. 1 generally diminishes as additional informative loci are sequenced (i.e., effectively
polymorphic in at least one population), reﬂecting a diminishing trend in the probability  n . In fact, it can be formally shown that  n
asymptotically equals zero for an inﬁnite number of even slightly informative loci (Appendix A).
2.2. Diploid model
We now turn to the more interesting diploid model. Again, let pi denote the frequency at locus i of allele ‘A’ in population 1, and let
and qi denote the frequency of the same allele in population 2 and assume that both populations are effectively very large and have the
same contribution to the total population. The commonly-used allele sharing distance (ASD) measures the dissimilarity of two individual
genotypes. For diploid genotypes, it is deﬁned as 2 minus the number of shared alleles at each locus, averaged across loci (Nakamura
et al., 2005; Gao and Martin, 2009). Under the assumption of Hardy–Weinberg Equilibrium, allele frequencies fully determine per-locus
genotype frequencies (the model does not assume the use of population samples in estimating allele frequencies and therefore the measures
subsequently developed are not statistics). There are nine possibilities for selecting two genotypes from either the same or different
populations. Table 1 lists each possibility along with its corresponding distance and probabilities (dropping the index i for clarity)
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Table 1
The probabilities and corresponding genetic distance (ASD) for all possible pairs of single-locus diploid genotypes from two populations.
Genotype 1

Genotype 2

ASD

Probability within pop 1

Probability within pop 2

Probability between populations

aa
aA
AA
Aa
aa
Aa
AA
AA
aa

aa
aA
AA
AA
Aa
aa
Aa
aa
AA

0
0
0
1
1
1
1
2
2

(1 − p)4
4(1 − p)2 p2
p4
2p3 (1 − p)
2(1 − p)3 p
2p(1 − p)3
2p3 (1 − p)
p2 (1 − p)2
(1 − p)2 p2

(1 − q)4
4(1 − q)2 q2
q4
2q3 (1 − q)
2(1 − q)3 q
2q(1 − q)3
2q3 (1 − q)
q2 (1 − q)2
(1 − q)2 q2

(1 − p)2 (1 − q)2
4(1 − p)p(1 − q)q
p2 q2
2p(1 − p)q2
2(1 − p)2 q(1 − q)
2p(1 − p)(1 − q)2
2p2 q(1 − q)
p2 (1 − q)2
(1 − p)2 q2

Let a categorical random variable Xi represent the ASD at diploid locus i, with probabilities w1(0) , w1(1) and w1(2) , and w2(0) , w2(1) and
w2(2) for a distance of 0,1 and 2 for within-single-population pairs from population 1 and 2 respectively, and b(0) , b(1) and b(2) for a distance
of 0,1 and 2 for between-population pairs (where w1(0) + w1(1) + w1(2) = 1 and w2(0) + w2(1) + w2(2) = 1 and b(0) + b(1) + b(2) = 1). Summing the
probabilities for each distance category from Table 1 (again dropping the index i for clarity),

Xi =

Xi =

Xi =

⎧
⎪
0 w1(0) = (1 − p)4 + 4(1 − p)2 p2 + p4
⎪
⎨
⎪
⎪
⎩

1 w1(1) = 4p3 (1 − p) + 4(1 − p)3 p

(3)

2 w1(2) = 2p2 (1 − p)2

⎧
⎪
0 w2(0) = (1 − q)4 + 4(1 − q)2 q2 + q4
⎪
⎨
⎪
⎪
⎩

1 w2(1) = 4q3 (1 − q) + 4(1 − q)3 q
2 w2(2) = 2q2 (1 − q)2

⎧
⎪
0 b(0) = (1 − p)2 (1 − q)2 + 4p(1 − p)q(1 − q) + p2 q2
⎪
⎨
⎪
⎪
⎩

1 b(1) = 2p(1 − p)q2 + 2q(1 − q)p2 + 2p(1 − p)(1 − q)2 + 2q(1 − q)(1 − p)2
2 b(2) = p2 (1 − q)2 + q2 (1 − p)2

Box 1
An alternative derivation of the per-locus distance probabilities
Some geometric intuition allows an alternative derivation of the probabilities wc(k) and b(k) from Eq. (3). Assuming two very large
(effectively inﬁnite) populations of equal size m under HW-Equilibrium, there are (1 − p)2 “aa” genotypes, 2p(1 − p) “aA” and “Aa”
genotypes, and p2 “AA” genotypes. These proportions are depicted in the randomized simulation of Fig. 2.
The trick is to simply count the number of within-single- and between-population pairs, for each distance category, as a portion of
all possible pairs. For instance, denoting by Dist the allele-sharing distance between two genotypes at a locus, the probabilities of a
distance of 1 and 2 for individuals from population 1 are,
w(1) =

Dist(aa − aA) + Dist(aA − AA)
(1 − p)2 m · 2(1 − p)pm + 2(1 − p)pm · p2 m
=
C
C

3
∼
= 4p(1 − p) + 4p3 (1 − p)

w(2)

Dist(aa − AA)
(1 − p)2 m · p2 m ∼ 2
2
=
= 2p (1 − p) , where C =
C
C

m
2



where m is cancelled out under an inﬁnite population model, limm→∞ (m2 /C) = 2. Similar reasoning applies with between-population
distances. For instance, denote by Dist(aa1 − AA2 ) the distance (of 2) between genotype aa from population 1 and AA from population
2. The total probability of distance 2 is,
b(2) =

Dist(aa1 − AA2 ) + Dist(aa2 − AA1 )
(1 − p)2 m · q2 m + (1 − q)2 m · p2 m
=
2
m
m2

= q2 (1 − p)2 + p2 (1 − q)2
These probabilities are effectively the same as derived in (3).
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Fig. 2. A geometric representation of genetic distances in a random sample of diploid genotypes at a locus. 15 genotypes were sampled from population 1 (blue circles) and
15 from population 2 (green squares). The frequencies of allele A are p = 0.1 and q = 0.4 for the two populations (the aA genotype represents both aA and Aa). The population
means are depicted as a rhombus for population 1 and triangle for population 2. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to
the web version of the article.)

Let Dn represent the ASD for pairs of genotypes across n loci,
1
Xi
n
n

Dn =

i=1

Assuming linkage equilibrium within populations, Dn for the within-single- and between-population distributions is the mean of independent 3-valued categorical random variables, which can be conceived as a generalization of a binomial scaled down to [0,2]. Using i to
index the per-locus probabilities w and b from (3) we get the following probability mass functions (see similar derivation in Tal, 2012,
Appendix (A.4)),1




1 d(nk) 

Wc (k) = P(Dn = k|within pop c) =
(wic(0) + wic(1) · z + wic(2) · z 2 ) z = 0
(nk)! dz

n




i=1
n

1 d(nk) 

(bi(0) + bi(1) · z + bi(2) · z 2 ) z = 0
B(k) = P(Dn = k|between) =
(nk)! dz


(3.1)

i=1

k : 0,

1 2
, , ..., 2.
n n

where Wc (k) is the probability of distance k for pairs within a single population c ∈ {1, 2}, and B(k) is the probability of a betweenpopulation distance of k (see Fig. 3A and B, and empirical results in Fig. 3C and D).
As in the haploid model, denote by  n the probability that a randomly chosen pair from either population 1 or 2 is more dissimilar than
a randomly chosen between-population pair. The expression is similar to Eq. (2.1),
2n

n











1
1
=
W1 ( nk ) ·
WB ( ni ) +
W2 ( nk ) ·
WB ( ni )
2
2
k=0

k

i=0

2n

k=0

k

(3.2)

i=0

Note that for different sized populations the factors of ½ in Eq. (3.2) should be replaced with the proportion of pairs from one population
relative to the total number of within-population pairs. If m1 and m2 denote the sizes of populations 1 and 2 respectively, then,
n

=

m1 (m1 − 1)
m2 (m2 − 1)
P(Z ≤ Y1 ) +
P(Z ≤ Y2 )
m1 (m1 − 1) + m2 (m2 − 1)
m1 (m1 − 1) + m2 (m2 − 1)

The average within-population probabilities for each distance category may be extracted from Table 1,

Xi =

⎧

1
4
2 2
4
2 2
4
4
⎪
⎪
⎪ 0 w(0) = 2 (1 − p) + 4(1 − p) p + p + (1 − q) + 4(1 − q) q + q
⎨
1 w(1) = 2p3 (1 − p) + 2(1 − p)3 p + 2q3 (1 − q) + 2(1 − q)3 q
⎪
⎪
⎪
⎩
2
2
2
2
2 w(2) = p (1 − p) + q (1 − q)

These Xi are generally not statistically independent and consequently it is not possible to formulate the pmf for their sum W (k) =
P(Dn = k|within) in the manner of Eq. (3.1) (Appendix H). Nevertheless, particular combinations of allele frequencies induce complete
independence of Xi (namely, pi = qi or pi + qi = 1 across all loci), and in such cases the pmf is,




1 d(nk) 

W (k) = P(Dn = k|within) =
(wi(0) + wi(1) · z + wi(2) · z 2 ) z = 0
(nk)! dz

n

i=1

k : 0,

1 2
, , ...2
n n

where also W(k) = Wc (k). We use this expression only for illustration purposes in Fig. 3A and 3B.

1

As in the haploid case from Eq. (2), these pmf’s are an exact description only under the assumption an inﬁnite or very large population model.

(3.3)
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Fig. 3. Theoretical and empirical distributions of the within-population and between-population pairwise distances for diploid genotypes. Half the overlap area roughly
corresponds to  n . A: The distributions of the within-population and between-population pairwise distances Dn under 50 loci, using W(k) in Eq. (3.3) and B(k) in Eq. (3.1); here
pi = 0.35/qi = 0.65 and qi = 0.35/pi = 0.65 interchangeably. B: The same distance distributions under 150 loci. C: Empirical results from Witherspoon et al. (2007) (Fig. 1A). Based
on distributions of 13,530 pairwise genetic distances for within- and between-population pairs of individuals (left and right distributions, respectively), using 50 biallelic
Alu and L1 loci genotyped in 104 sub-Saharan African and 61 European individuals. The genetic distance used is half the standard ASD (Reproduced with permission from
Genetics). D: Empirical results from Bamshad et al. (2004) (Fig. 2c). Distribution of the mean number of pairwise differences of 377 short tandem repeats loci (STRs) from a
sample of 1064 individuals from within- and between-populations summed across 51 different populations of Africans, Asians, Europeans and Native Americans, from the
CEPH Human Diversity Panel (Reproduced with permission from Nature Review Genetics).

The mean of the within-population distances is always lower or equal to the mean of the between-population distances (Appendix B),

E(Dn |within) =

1
1
E(Xi |within) =
(0 · wi(0) + 1 · wi(1) + 2 · wi(2) )
n
n
n

n

i=1

i=1

1
=
2(−p4i + 2p3i − 2p2i + pi − q4i + 2q3i − 2q2i + qi ) ≤
n
n

i=1

E(Dn |between) =

(3.4)

1
1
E(Xi |between) =
(0 · bi(0) + 1 · bi(1) + 2 · bi(2) )
n
n
n

n

i=1

i=1

1
=
2(2pi q2i + 2p2i qi − 2p2i q2i − 4pi qi + pi + qi )
n
n

i=1

Consequently, half the overlap area of the within- and between-population distributions, given formally by

1
2

2n






mi n W ( ni ), B( ni ) ,

i=0

roughly corresponds with  n in Eq. (3.2).
As in the haploid model, the overlap area of the two distributions in Fig. 3 generally diminishes with additional informative loci, reﬂecting
a decreasing trend in the probability  n . It can be formally shown that  n asymptotically equals zero for an inﬁnite number of even slightly
informative loci (Appendix A),
limn→∞

n

=0

(4)
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Fig. 4. The dissimilarity probability  n is always higher than the probability of misclassiﬁcation. In particular,  n decreases very slowly given closely related populations and
slowest under rare SNPs. A:  n (thick blue curves) compared to the probability of misclassiﬁcation of an optimal Bayes classiﬁer En (thin black curves), under three scenarios:
close populations and rare alleles where average FST = 0.02 (dotted), close populations and common alleles where FST = 0.02 (dashed), distant populations and common alleles
where average FST = 0.10 (connected). Approximations using normal distributions for En (Appendix C) and  n (Appendix F) are required for high values of n. B:  n compared
to the generalization errors of two classiﬁers using 30 samples from each population (FST = 0.13, common alleles). The generalization errors were computed from Monte
Carlo simulations of models for naïve Bayes and population-trait classiﬁers (Tal, 2012, Eqs. (17)–(17.4)). For both ﬁgures, FST and allele frequencies at each locus were randomly
generated from Beta distributions. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of the article.)

Let us see how  n compares with the probability of misclassiﬁcation of an optimal classiﬁer on data from two diploid populations.
With the same assumptions of Hardy–Weinberg and linkage equilibrium a maximum-likelihood or naïve Bayes classiﬁer is optimal under
known allele frequencies. The probability of misclassiﬁcation (Bayes error) is given by (Tal, 2012, Appendix (C.1)),
1
min(Pn (k), Qn (k))
2
3n −1

En =

(5)

k=0

where
Pn (k) =

n


n


i=1

i=1

P(Xi = fn (k, i)), Qn (k) =

P(Yi = fn (k, i))

P(Xi = v) = (−v2 + 2v + 1)pvi (1 − pi )2−v , P(Yi = v) = (−v2 + 2v + 1)qvi (1 − qi )2−v
fn (k, i):=the ith digit of k =

k
3i

mod 3

It may in fact be shown that for two populations the dissimilarity probability  n is higher or equal to the Bayes error for any number
of loci (i.e., has a slower rate of decrease to zero) irrespective of the allele frequencies (Appendix C),
n

≥ En

(6)

In particular,  n declines very slowly with closely related populations, and for a given level of population differentiation, the slow
decline is more pronounced with rare SNPs. Interestingly,  n is also higher than the generalization error of classiﬁers (which is based on
population samples as training sets for estimating allele frequencies). These results are demonstrated in Fig. 4.
3. The model for Q2
3.1. The between–within ratio of average distances, RAD
We now turn to the perspective on inter-individual distances captured by Q2. Denote by RAD the between-to-within ratio of average
ASD distances for diploid populations, explicitly given in terms of the allele frequencies at n loci from Eq. (3.4),
n


RAD =

E(Dn |between)
=
E(Dn |within)

(2pi q2i + 2p2i qi − 2p2i q2i − 4pi qi + pi + qi )

i=1
n


(−p4i

(7)
− q4i

+ 2p3i

+ 2q3i

− 2p2i

− 2q2i

+ pi + qi )

i=1

where as expected, RAD ≥ 1 (Appendix B). Note that the way Q2 is captured by the formulation in Eq. (7) is not exactly as asking “What is
the average ratio of the distance of a random pair of individuals drawn from different populations, to the distance of a random pair of individuals
drawn from the same population?” The ratio corresponding to this question is somewhat higher than RAD (Appendix D).
Population differentiation is often quantiﬁed by a single statistic such as FST (Wright, 1951; Weir and Cockerham, 1984; Weir and Hill,
2002). The range of RAD that corresponds to a given FST can be derived from Eq. (7). For instance, with FST of 0.10–0.15, a recurring estimated
range of average of inter-continental differentiation at autosomal SNP loci (Bamshad and Guthery, 2007; Witherspoon et al., 2007; Shriver
et al., 2004), RAD ranges ∼1.28–1.44 (FST = 0.10) and ∼1.45–1.68 (FST = 0.15), depending on SNP frequency (Fig. 5A). The expected value of
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Fig. 5. The ranges of RAD and RAT for various FST values, as a function of SNP frequency p (p < q without loss of generality) at a single locus (n = 1). Lower FST values have a
narrower range for these two measures. A: RAD from Eq. (7) at various FST values 0.01–0.20. B: RAT from Eq. (9) at FST values 0.05–0.15.

RAD given an FST estimate (assuming for simplicity that all loci considered have the same FST ) and a uniform distribution for SNP frequency
is the integral of Eq. (7) with respect to each pi across the domain [0.01,0.5]. Given n loci,

RAD =

d d

1
(d − c)

d
···

n
p1 =c p2 =c

RAD dp1 dp2 · · · dpn

(8)

pn =c

where c = 0.01 and d = 0.5. The cutoff minimum MAF (c = 1%) is used due to the expected joint-distribution of allele frequencies: instances
where p (or q) is near or at zero and q (or p) is high are very uncommon, and could not have contributed to the reported FST average. Indeed,
data demonstrates that alleles extremely rare or absent in one population are similarly rare in other populations (Gravel et al., 2011; also
see Rosenberg, 2011 for data on microsatellites). Fortunately, as n increases the multiple integral in Eq. (8) converges very quickly (less
than 10 loci) to a simpler expression (Appendix E),

d
c

RAD →

n→∞

E(X|between)dp

d
c

.

(8.1)

E(X|within)dp

where X is a random variable representing the ASD at any single locus. In particular, FST = 0.15 (and cutoff MAF c = 1%) corresponds to
RAD ≈ 1.48. However, a frequency distribution which gives much higher weight to rare alleles better represents the underlying SNP
distribution, as empirically demonstrated in studies where deep sequencing reduces the bias due to SNP ascertainment (Gravel et al.,
2011). Theoretical considerations suggest an approximately L-shaped distribution for the MAF, with density ϕ(p) ∼ 1/p (Hill et al., 2008).
Adopting Wright’s two-state mutation model and assuming an effective population size Ne = 104 and a SNP mutation rate of 10−8 , the MAF
distribution is pi ∼ Beta(a,b) with a = b = 0.0004 (Gao and Martin, 2009; for the Ne see Tenesa et al., 2007). The expectation of RAD again
converges very quickly across n loci (Appendix E),

d
RAD →

c

n→∞

E(X|between)ϕ(p)dp

d
c

, where ϕ(p) =

E(X|within)ϕ(p)dp

pa−1 (1 − p)b−1
B(a, b)

(8.2)

The expectation of RAD at FST = 0.15 is now slightly higher, at ≈1.53.
3.2. The total–within ratio of average distances, RAT
The similarity of individuals sampled from the same subpopulation may also be compared with pairs sampled from the total population
– where the two individuals may not necessarily be from distinct populations (e.g., Rosenberg, 2011, Q4). The following modiﬁed model may
facilitate assessments of statements such as “[with FST estimates of 0.5–0.15], on average, the difference between two individuals chosen at
random is roughly 15% greater than the difference between individuals from the same population” (Bamshad and Guthery, 2007). The perlocus probabilities (denoted ti ) of distances 0,1,2 for pairs of individuals from the total population are derived using the within-population
formulations of Eq. (3) and a mean frequency (pi + qi )/2,

⎧

1 
⎪
0 ti(0) =
(2 − pi − qi )4 + 4(2 − pi − qi )2 (pi + qi )2 + (pi + qi )4
⎪
16
⎪
⎪
⎪
⎨

1
Xi =
1 ti(1) =
(pi + qi )3 (2 − pi − qi ) + (2 − pi − qi )3 (pi + qi )
4
⎪
⎪
⎪
⎪
⎪

⎩
1
2
2
2 ti(2) =

8

(pi + qi ) (2 − pi − qi )
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Fig. 6. The expected values of RAD (ratio of between- to within-population expected distances) and RAT (ratio of total- to within-population expected distances) as a function
of FST , under a Beta allele frequency distribution. Notice that RAD and RAT have the same value of 1 only when population differentiation is zero.

Since these Xi are not statistically independent, the distribution of pairwise distances Dn from the total population can only be roughly
approximated by a pmf derived in the manner of Eq. (3.1),


1 d(nk) 
(ti(0) + ti(1) · z + ti(2) · z 2 ) z = 0
(nk)! dz
n

T (k) = P(Dn = k|total) ≈

(8.3)

i=1

k : 0,

1 2
, , ..., 2
n n

The mean of the total-population distribution is not affected by the dependencies of Xi ,
E(Dn |total) =

E(Xi |total) =

i=1

n


0 · ti(0) + 1 · ti(1) + 2 · ti(2)

i=1

11
(p + qi )(2 − pi − qi )(4 − (pi + qi )(2 − pi − qi ))
n
4 i
n

=

n


i=1

And since E(Xi |within) ≤ E(Xi |total), then E(Dn |within) ≤ E(Dn |total)
We denote by RAT the ratio of total-to-within of average ASD for diploid populations,
n


RAT

E(Dn |total)
=
=
E(Dn |within)

(pi + qi )(2 − pi − qi )(4 − (pi + qi )(2 − pi − qi ))

i=1
n



8

(9)
(−p4i − q4i + 2p3i + 2q3i − 2p2i − 2q2i + pi + qi )

i=1

Fig. 5B reﬂects the dependency of RAT on SNP frequencies at a single population. The expectation of RAT for any given FST value across
multiple loci is derived in the same manner as RAD in Eqs. (8)–(8.2). For instance, with FST = 0.15 and a uniform distribution RAT ≈ 1.15,
whereas under the more typical Beta distribution, RAT ≈ 1.18. This translates to an 18% difference in the average distance of individuals
from the total population compared to the average distance of individuals from the same population. As a broader illustration, Fig. 6 plots
the relation between FST and the expectations of RAD and RAT .
It is important to emphasize that RAD , RAT and  n are all invariant to the inclusion of effectively ﬁxed loci (p = q ≈ 0 or 1), which constitute
the vast proportion of the nucleotide sequence of the human genome. Since allele sharing distances average across loci, the inclusion of
such loci reduces all pairwise distances to the same extent, irrespective of the origin of individuals. Therefore, measures formulated in
relative terms are not affected by the incorporation of such loci into analysis.
3.3. A population genetic distance based on RAD
FST is often interpreted as a genetic distance measure between two populations (Nei, 1987; Weir, 1996; Nelis et al., 2009; Tian et al., 2009;
Rosenberg, 2011). The literature on genetic distance measures is extremely rich and there are many alternative proposals for population
genetic distances based on true or sample allele frequencies (Reynolds et al., 1983; Nei, 1987; Weir, 1996), but in general, distances
calculated by different formulas are highly correlated (Cavalli-Sforza et al., 1996). FST is commonly deﬁned in terns of total heterozygosity
(HT ) relative to within population heterozygosity (HS ), as (HT − HS )/HT (Nei, 1987, Eq. (7.34); Cavalli-Sforza et al., 1996 Table 1.10.1 Eq. 4;
Boca and Rosenberg, 2011; Tal, 2012). FST is much less commonly framed in terms of between population heterozygosity (HB ), the mean
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probability that two alleles chosen from any two distinct populations are different, as (HB − HS )/HB (see Cavalli-Sforza et al., 1996 Table
1.10.1 as “FST2 ”). For two populations (where genetic distance is most intuitively appealing) and l alleles,
HT = 1 −

l 

1

2


1
HS =
2

2

(p1i + p2i )

, HB = 1 −



i=1

(1 −

l


p21i ) + (1 −

l


i=1

l


p1i · p2i

i=1

p22i )

i=1

In terms of our biallelic model (p = p11 and q = p21 ) the two versions of FST simplify to,
FST =

HT − HS
(p − q)2
HB − HS
(p − q)2
(2)
=
=
, FST =
HT
HB
p + q − 2pq
(p + q)(2 − p − q)

With multiple loci it is preferable to average the numerator and denominator separately (see Cavalli-Sforza et al., 1996; Weir, 1996),
n


FST =

i=1
n


n


(pi − qi )2

i=1

(2)

, FST =

(pi + qi )(2 − pi − qi )

i=1

(pi − qi )2

n


(10)

pi + qi − 2pi qi

i=1

FST (2) may also be stated in terms of the mean number of differences between haploid sequences. For e.g., Hudson et al. (1992, Eq. 3) have
deﬁned FST as 1 − Hw /Hb , where “Hw is mean number of differences between different sequences sampled from the same subpopulation,
and Hb is the mean number of differences between sequences sampled from the two different subpopulations”, where ‘sequences’ refers
to haploid sections of DNA rather than diploid genotypes. This deﬁnition can be expressed in terms of the means of within- and betweenpopulation pairwise distances for haploid genotypes in (2.4),
n


1/n
1−

Hw
E(Dn |within)
=1−
=1−
Hb
E(Dn |between)

i=1
n


1/n

n


wi
=1−
bi

pi + qi − p2i − q2i

i=1
n



i=1

(2)

= FST
pi + qi − 2pi qi

i=1

The relation between FST (2) and means of haploid pairwise distances suggests a formulation of population distance in terms of pairwise
distances of diploid genotypes, denoted DP . In terms of the ratio of average pairwise diploid distances RAD from (7),
DP = RAD − 1

(11)

Interpreted as a percentage, a distance of DP between two populations implies that the average genetic distance of two individuals from
different populations is DP × 100 percent larger than the average genetic distance of two individuals from the same population. FST and DP
are highly correlated despite the unbounded range 0 ≤ DP < ∞ (their normalized cross-correlation is in fact very close to 1 across the much
of the domain).
A surprising advantage of DP over FST is the possibility of producing a good estimate using a random sample of only four individuals
(while the estimation of FST usually requires a sufﬁciently large population sample for estimating allele frequencies). To see this, recall that
the variances of the pairwise distance distributions
 converge to zero,
 given a high number of indepdendent loci. Speciﬁcally, the standard
0.4375/n and
0.5197/n for within- and between-population pairs respectively (see
errors of the means are bounded from above by
Appendix A point #2). Therefore, the pairwise ASD distance of two random individuals from the same population (denoted DW1 and DW2 for
pairs of population 1 and 2 repsectively) serves as a good estimator of the ASD distribution mean, and similarly for two random individuals
from distinct populations (denoted DB ). Formally,
DW 1 ≈ E(Dn |within population 1), DW 2 ≈ E(Dn |within population 2)
DB ≈ E(Dn |between)
Finally, given empirical values for DW1 , DW2 and DB , we have from (11),
DP ≡ RAD − 1 =

E(Dn |between)
2DB
−1≈
−1
(DW 1 + DW 2 )
E(Dn |within)

(12)

Fig. 7 depicts the three distributions under a few thousand loci for a typical inter-continental differentiation level.
4. Discussion
In line with measures of population differentiation and data employed by classiﬁcation and clustering algorithms, the various measures
we have formulated target only the small fraction of the human genome that consists of variable markers. The vast majority of the
genome consists of effectively ﬁxed loci with no variation across individuals that can contribute to pairwise differences. Moreover, most
polymorphisms that differ in frequency between groups are neutral, functionally insigniﬁcant and probably of little relevance to phenotypic
differences between individuals (Bamshad et al., 2004). To be precise, recent results suggest that very rare mutations exist in those bases that
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Fig. 7. The two within-single-population and between-population ASD distributions. A random sample of only four individuals is sufﬁcient for good approximation of
distribution means given a very large set of informative loci, allowing the estimation of DP (here FST = 0.16 across 2000 loci).

Fig. 8. The dissimilarity probability  n is asymptotically zero given large numbers of informative loci even with close or admixed populations. Computed using an
approximation procedure (Appendix F), and where allele frequencies at each locus were randomly generated from Beta distributions.

are constant across most individuals, such that true MAF across a large number of apparently monomorphic loci are not zero. Systematically
locating such rare mutations requires using whole genome sequencing, which has only recently become feasible. Nevertheless, since the
dissimilarity probability  n and the ratios RAD and RAT effectively average across multiple individual pairs, the inﬂuence of extremely rare
variants is negligible. Crucially, the small fraction of the genome that is truly polymorphic still represents a very large collection of loci
(Akey et al., 2002; Shriver et al., 2004; The 1000 Genomes Project Consortium, 2010). In particular, analysis of population data points to high
numbers of effectively independent SNP loci with non-negligible MAF. For instance, focusing only on a particular region of chromosome 9 in
the CEU sample of HapMap phase II, Purcell et al. (2007) have identiﬁed over 6500 SNPs with virtually no LD, under complete genotyping
and MAF > 1%. The effect of large collections of polymorphisms on  n for low levels of population differentiation is depicted in Fig. 8.
How can we explain the slow decline of the dissimilarity probability  n in relation to the much faster drop of the probability of
misclassiﬁcation with additional loci (Eq. (8) and Fig. 4)? This effect is most prominent in scenarios of closely related populations, especially
with rare alleles. The empirically-based estimator of the dissimilarity fraction w of Witherspoon et al. (2007), which corresponds to our
theoretically-based  n , clearly portrays this phenomenon. Witherspoon et al. rightfully suggest that classiﬁcation methods typically make
use of aggregate properties of populations, while w merely reﬂects properties of pairs of individuals. Expanding on this insight, we note
that allele-sharing distances, whether used in individual pairwise comparisons or distances of individuals to population centroids, do not
take into account the shape of the distributions (i.e., the variance–covariance matrices of the within-population genotype distributions).
This explains why the slow decline of  n is most prominent with closely-related populations and rare alleles: the low MAF of rare
polymorphisms induce low variances (with frequency p the variance is p(1 − p)), such that populations are ‘ﬂatter’ in the dimension
corresponding to these loci in the multidimensional space of multilocus genotypes. When populations are close, between-population pairs
of individuals are then liable to be closer than many within-population pairs. This phenomenon also explains the weak performance of
the centroid classiﬁcation method for low MAF sites in Witherspoon et al. (the high Cc error rate in Fig. 2, “rare” alleles), which computes
allele-sharing distances between genotypes and populations means. Practical distance-based classiﬁcation schemes avoid this problem by
employing some normalization, such that distances are measured in units of standard deviations.2
We have demonstrated that irrespective of population differentiation levels,  n has an asymptotic value of zero with an inﬁnite number
of even slightly informative polymorphisms (Eq. (4)). This theoretical result is at some odds with empirical results from Witherspoon
et al. (2007), where the estimator of the dissimilarity fraction w reaches an asymptotic value of 3.1% with eight geographically distinct,

2
Such normalization is implicit in classiﬁcation techniques for continuous data such as k-Nearest Neighbor (k-NN) and linear and quadratic discriminant analysis (LDA,
QDA).
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Table 2
The datasets referenced in the discussion.
Dataset

Marker type

CEPH Human Diversity Panel
WGSA from Shriver et al. (2005)
NCBI human reference, dbSNP and three complete individual genomes
HGDP-CEPH Cell Line Panel

STR
SNP
SNP
Microsatellites

# of loci
377
9922
∼3.5 M
783

# of pop

FST

Ref.

51
8
2
53

0.5–0.15
0.13
0.10–0.15
0.061

Bamshad et al. (2004)
Witherspoon et al. (2007)
Ahn et al. (2009)
Rosenberg (2011)

Fig. 9. The model for within- and total-population ASD demonstrates a good match with reported empirical results. A: Empirical distributions of pairwise genetic differences
using ASD across 783 microsatellites from Rosenberg (2011, ﬁgure 5A). The “Two arbitrary selected individuals” distribution refers to pairs arbitrarily chosen from the total
population (Reproduced with permission from Human Biology, Wayne State University Press) B: A simulation of 783 SNP loci from two populations using the approximations in
Eqs. (5.1) and (8.3) (multiplied by number of loci to arrive at a density), given the FST from Rosenberg’s microsatellite data (FST = 0.0614, with average cross-population MAFs
0.172 and 0.395).

intermediate and admixed populations, despite the use of almost 10,000 polymorphisms (see Table 2). What would be the value of  n
under similar circumstances? Using the data of Witherspoon et al. for their target scenario corresponding to w = 3.1% (Data Set: Microarray,
MAF class: All, Populations: All (8)), consisting of n = 9922 SNP markers and an average FST = 0.13 across speciﬁed portions of ﬁxed, rare and
common SNPs, the model predicts  n ≈ 0 (Appendix F). This discrepancy suggests that one or more underlying assumptions of the model
do not fully apply to the dataset under consideration (or that the method of computation of the estimator for w is at odds with our  n ).
Deviations from Hardy–Weinberg or linkage equilibrium, physical linkage, the use of multiple populations instead of the two prescribed
by the model or the unequal population sample sizes in the dataset are all factors that may introduce modeling discrepancy. Among these
factors, only dependencies between loci or the use of data from multiple populations may introduce systematic discrepancy. In fact, w based
on data from only three of the eight populations (Data Set: Microarray, MAF class: All, Populations: Distinct (3)), shows that w = 0 with as little
as 1000 loci and only slightly higher average differentiation (FST = 0.15). This indicates that increasing the number of source populations
tends to increase the dissimilarity fraction w (as suggested also by the higher w using four vs. three populations in Witherspoon et al. ﬁgure
2B vs. A).
Our model also facilitates the assessment of results from analysis of complete genome sequences. The study of Ahn et al. (2009) suggests
that the pairwise distances among three individuals, a Korean (“SJK”), Craig Venter and James Watson, measured by multilocus ASD, are
roughly similar despite the distinct geographical origin of SJK in relation to Venter and Watson (see also their Fig. 2E). These results are
surprising in light of our model for  n , which predicts that for worldwide distant populations (FST > 0.13) the probability for such an
occurrence is virtually zero given as little as 200 independent and informative SNPs (Appendix F, Fig. F.1). In fact, with roughly 3.5 million
SNPs sequenced in each individual genome, the pairwise distances Venter–Watson and Venter–SJK (or Watson–SJK) must show substantial
discrepancy, since the ratio of average pairwise distances RAD is above 1.3 already at FST = 0.10 (see Fig. 5A). The paradoxical result is most
likely an artifact of the high error rate and low coverage in Watson’s SNP calling (Yngvadottir et al., 2009).
In a recent analysis of 783 microsatellite markers using the HGDP-CEPH Cell Line Panel Rosenberg (2011) has produced estimates for
mean genetic distances of pairs of individuals across geographic regions. The dataset consists of 1064 cell lines from individuals in more than
50 indigenous populations, divided among seven major geographic regions: sub-Saharan Africa, Europe, the Middle East, Central/South
Asia, East Asia, Oceania, and the Americas. The mean proportion of differing alleles for arbitrary worldwide pairs of individuals was 0.651,
while the mean difference for pairs from the same population was 0.603 (a ratio of ∼1.08). How does this result comply with our model for
RAT , which predicts a substantially higher expected ratio of 1.18 for distant worldwide populations? The key to this discrepancy concerns
conﬂicting assessments of population differentiation from different marker types: an FST of 0.0614 across major geographic regions on the
basis of microsatellite loci vs. a cross-continental FST of 0.15 on the basis of SNPs. Indeed, the amount of genetic differentiation among human
populations is greater at SNP loci than at microsatellites, often reported to be twice as much (Holsinger and Weir, 2009). In particular, in
relation to estimates from SNP loci, the FST value among the continental populations is markedly lower for microsatellites and only slightly
lower for Alu or L1 markers, RFLPs or biallelic restriction-site polymorphisms (Rosenberg et al., 2002; Long and Kittles, 2003; Bamshad and
Wooding, 2003; Witherspoon et al., 2006). These differences are an expected consequence of the elevated mutation rate of microsatellites,
and the greater number of alleles per locus, which lowers FST by increasing within-group variance relative to between-group variance
(Bamshad et al., 2003). Nevertheless, when using FST estimates originally derived from microsatellite data in our pairwise distance model
for SNPs, a good match between theory and empirical results emerges (Fig. 9).
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Finally, the theoretical model of Gao and Martin (2009) supports our general conclusions. These authors demonstrate that the pairwise
ASD distance matrix from SNPs contains sufﬁcient information for cluster separation, which in turn enables distance based clustering
approaches.3 They show that with common SNPs (MAF > 0.1), around 1200 independent loci are required to generate almost complete
separation of the pairwise distributions (deﬁned as a difference of 3 standard deviations between their means). However, their model
and assumptions differ in several important ways from our approach. First, a different parameterization of population structure is used,
producing equations for the means and variances of pairwise distances based on coancestry coefﬁcients for alleles within and between
subpopulations (the probability  that two alleles at a locus are identical by descent). Second, their analysis does not produce a quantitative
measure for a dissimilarity probability. Third, very low differentiation between subpopulations is effectively assumed (at maximum,  = 0.15
and  = 0 for individuals within and between subpopulations, respectively) and only common SNPs are considered in generating distance
expectations.
5. Conclusion
The analysis of genetic distances between individuals represents an additional perspective for studying population structure. Although
any two random individuals are genetically extremely similar on the nucleotide level due to the overwhelming proportion of effectively
non-polymorphic loci, allele-sharing distances may vary considerably in relative terms given multiple source populations. The probability
that a random pair of individuals from the same population is more genetically dissimilar than a random pair from distinct populations
is primarily dependent on the number of informative polymorphic loci across genomes from the total population pool. This probability
asymptotically approaches zero with a sufﬁciently large number of informative loci, even in the case of close or admixed populations.
In terms of the dissimilarity discrepancy, the average distance of two individuals from any two distinct populations was shown to be
higher than the average distance of two individuals from the same population by a percentage depending on the level of population
differentiation (often measured by FST ). Analysis of population structure through a prism of individual pairwise distances also suggests an
intuitively appealing measure of population distance, with estimation possible using a very small sample of individuals. From a practical
perspective, the model developed in this paper may assist in highlighting aspects of population data, such as the number of available markers
and their population frequencies, that have impacted particular results in empirical research on pairwise genetic similarities. Subsequent
theoretical work will be required to extend the model for incorporating greater variety of multi-allelic polymorphisms, information about
dependencies across loci and the effect of sampling from multiple populations.
The Mathematica code for the graphs and numerical analysis in this paper may be obtained on application to the corresponding author.
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Appendix A.
Proof that given informative loci,  n asymptotically equals zero as n → ∞
1. We ﬁrst show, separately for the haploid and diploid cases, that given informative loci, i.e., |qi − pi | > 0, then as n → ∞, we necessarily
have E(Dn |between) − E(Dn |within pop c) > εc for some εc > 0 which is not a function of n. Without loss of generality, assume pi and qi
are the per-locus MAF in the two populations: on average, we expect that per each locus the chances for pi < qi and pi > qi are equal.
2. We then show, separately for the haploid and diploid cases, that as n → ∞ the variances Var(Dn |within pop c) and Var(Dn |between) both
converge to zero.
3. Finally, we show that given #1 and #2 above,  n asymptotically equals zero as n → ∞.
Proof:
1. We ﬁrst show that the two means differ by at least some epsilon. Formally, we need to prove that given |qi − pi | > 0, P(E(Dn |between) −
E(Dn |within pop c) > εc ) → 1 as n → ∞where εc > 0 is a small constant which should not depend on n. Note that minor allele frequencies
are expected to be evenly distributed between population 1 and 2, which translates to,
P(min(pi , 1 − pi ) < min(qi , 1 − qi )) =

1
2

(A.1)

The proof proceeds with respect to population 1, and the proof for population 2 is similar.
The haploid case:
From Eqs. (1) and (1.1),
E(Dn |between) − E(Dn |within pop 1) =
=

1
1
1
(pi + qi − 2pi qi ) −
2pi (1 − pi ) =
(qi − pi )(1 − 2pi )
n
n
n
n

n

n

i=1

i=1

i=1

3
Based on the ASD matrix, standard statistical clustering algorithms, e.g. Ward’s minimum variance or multidimensional scaling (MDS), can then be used in population
stratiﬁcation analysis to extract subpopulation clusters.
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We express the above in probabilistic terms: Let Xi and Yi , i:1. . .n, be i.i.d random variables supported on (0,1) representing allele
frequencies pi and qi respectively. Eq. (A.1) is satisﬁed by virtue of their identical distribution. Under an inﬁnite population model Xi and
Yi are continuous and therefore P(|Xi − Yi | > 0) = 1. Thus, we are required to prove that,



P



1
(Yi − Xi )(1 − 2Xi ) > ε
n
n

→1

(A.2)

i=1

as n → 1, where ε is a small positive constant which does not depend on n.
Proof:
Let Zi denote a summand in (A.2), Zi ≡ (Yi − Xi )(1 − 2Xi ). We need to prove that limn→∞ P(Zn > ε) = 1. Since the Zi are i.i.d and bounded,
from the weak law of large numbers Zn converges in probability to E(Zi ). It is therefore sufﬁcient to show that E(Zi ) > 0 (where we then pick
any ε < E(Zi )). We proceed to evaluate E(Zi ) analytically,
E(Zi ) = E(Yi ) − 2E(Yi Xi ) − E(Xi ) + 2E(Xi2 )
= 2(E(Xi2 ) − E(Yi Xi )) = 2(E(Xi2 ) − E(Xi )2 ) = 2Var(Xi ) > 0
since Xi and Yi are independent and Var(Xi ) > 0. Notice also that for any postulated allele frequency distribution (e.g., Xi , Yi ∼ Beta(˛,ˇ)), ε
may be any value lower than Var(Xi ).
The diploid case:
From Eq. (3),
1
E(Xi |within pop 1) =
n
n

E(Dn |within pop 1) =

i=1

(A.3)

1
1
=
(0 · wi1(0) + 1 · wi1(1) + 2 · wi1(2) ) =
4(−p4i + 2p3i − 2p2i + pi )
n
n
n

n

i=1

i=1

and similarly with respect to population 2 with qi . From Eq. (3.4),
E(Dn |between) − E(Dn |within pop 1) =
=

1
1
2(2pi q2i + 2p2i qi − 2p2i q2i − 4pi qi + pi + qi ) −
4(−p4i + 2p3i − 2p2i + pi )
n
n
n

n

i=1
n

i=1

1 
= 2
(2pi q2i + 2p2i qi − 2p2i q2i − 4pi qi − pi + qi + 2p4i − 4p3i + 4p3i )
n
i=1

We express the above in probabilistic terms: Let Xi and Yi , i:1. . .n, be i.i.d random variables supported on (0,1) representing allele
frequencies pi and qi respectively. Eq. (A.1) is satisﬁed by virtue of their identical distribution. Under an inﬁnite population model Xi and
Yi are continuous and therefore P(|Xi − Yi | > 0) = 1.Thus, we are required to prove that,



P



1
2(2Xi Yi2 + 2Xi2 Yi − 2Xi2 Yi2 − 4Xi Yi − Xi + Yi + 2Xi4 − 4Xi3 + 4Xi2 ) > ε
n
n

→1

(A.4)

i=1

as n → 1, where ε is a small positive constant which does not depend on n.
Proof:
As in the haploid case above, let Zi denote a summand in (A.4), where now,
Zi ≡ 2(2Xi Yi2 + 2Xi2 Yi − 2Xi2 Yi2 − 4Xi Yi − Xi + Yi + 2Xi4 − 4Xi3 + 4Xi2 )
We need to prove that limn→∞ P(Z̄n > ε) = 1. Since the Zi are i.i.d and bounded, from the weak law of large numbers Z̄n converges in
probability to E(Zi ). It is therefore sufﬁcient to show that E(Zi ) > 0. We proceed to evaluate E(Zi ) analytically,
E(Zi ) = 2(2E(Xi )E(Yi2 ) + 2E(Xi2 )E(Yi ) − 2E(Xi2 )E(Yi2 ) − 4E(Xi )E(Yi )
−E(Xi ) + E(Yi ) + 2E(Xi4 ) − 4E(Xi3 ) + 4E(Xi2 )) =
2

= 2(4E(Xi )E(Xi2 ) − 2E(Xi2 ) − 4E(Xi )2 + 2E(Xi4 ) − 4E(Xi3 ) + 4E(Xi2 ))
Now,
(a) 4E(Xi2 ) − 4E(Xi )2 = 4Var(Xi )
2

2

2

(b) 2E(Xi4 ) − 2E(Xi2 ) = 2(E((Xi2 ) ) − E(Xi2 ) ) = 2Var(Xi2 )
(c) 4E(Xi3 ) − 4E(Xi )E(Xi2 ) = 4Cov(Xi , Xi2 )
Such that,
E(Zi ) = 2((a) + (b) − (c)) = 2(Var(Xi ) + Var(Xi2 − Xi )) > 0
since Xi and Yi are independent and the two variances are positive. Notice also that for any postulated allele frequency distribution (e.g.,
Xi , Yi ∼ Beta(˛,ˇ)), ε may be any value lower than 2(Var(Xi ) + Var(Xi2 − Xi )).

32

O. Tal / BioSystems 111 (2013) 18–36

2. The haploid case:
From Eqs. (1) and (1.1) and since Xi are independent for the within-single-population and between-population distributions,
1 
1 
Var(Xi |within pop c) = 2
wci (1 − wci )
2
n
n
n

Var(Dn |within pop c) =

n

i=1

i=1

1 
1 
Var(Dn |between) = 2
Var(Xi |between) = 2
bi (1 − bi )
n
n
n

n

i=1

i=1

Since both wci (1 − wci ) and bi (1 − bi ) are bounded by ¼, as n increases these variances converge to zero, diminishing at a rate generally
faster than 0.25/n.
The diploid case:
From Eqs. (3) and (3.4) the within-single- and between-population variances at a single locus are,
Var(Xi |within pop 1) = E(Xi2 ) − E(Xi )2 = 0 · w1i(0) + 1 · w1i(1) + 4 · w1i(2) − E(Xi )2
= 4pi (1 − pi ) − 16(−p4i + 2p3i − 2p2i + pi )

2

Var(Xi |within pop 2) = E(Xi2 ) − E(Xi )2 = 0 · w2i(0) + 1 · w2i(1) + 4 · w2i(2) − E(Xi )2
= 4qi (1 − qi ) − 16(−q4i + 2q3i − 2q2i + qi )

2

(A.5)

Var(Xi |between) = E(Xi2 ) − E(Xi )2 = 0 · bi(0) + 1 · bi(1) + 4 · bi(2) − E(Xi )2
= 2pi (1 + pi ) + 2qi (1 + qi ) − 8pi qi − 4(2pi q2i + 2p2i qi − 2p2i q2i − 4pi qi + pi + qi )

2

The maxima of these three variances can be found by inspecting the zeros of the two partial derivatives of each variance,
∂Var(Xi )
∂Var(Xi )
= 0 and
=0
∂pi
∂qi

(A.6)

Analysis of (A.6) reveals a single maximum for the within-single-population variance, max[Var(Xi |within pop c)] = 0.4375 (at pi = 0.5
or qi = 0.5), and two equal maxima for the between-population variance, max[Var(Xi |between)] = 0.5197 (at pi = 0.25955/qi = 0.74045 and
pi = 0.74045/qi = 0.25955). Now, since Xi are independent for the within-single-population and between-population distributions,
1 
Var(Xi |within pop c)
n2
n

Var(Dn |within pop c) =

i=1

1 
Var(Dn |between) = 2
Var(Xi |between)
n
n

(A.7)

i=1

These variances are bounded above by the diminishing expressions max[Var(Xi )]/n, and are therefore generally decreasing with additional loci (at a rate 0.4375/n for within-single population pairs and 0.5197/n for between-population pairs), and in particular converge to
zero.
3. Finally, we show that given the above results,  n asymptotically equals zero as n → ∞.
From Eq. (2.1) for haploids or (3.2) for diploids, n = 12 P(Z ≤ Y1 ) + 12 P(Z ≤ Y2 )
where Z is the random variable representing Dn for the between-population distribution, and Y1 and Y2 are the variables representing
Dn for the within-single-population distributions. It is sufﬁcient to prove that P(Z ≤ Y1 ) → 0 as n→ ∞, since P(Z ≤ Y2 ) → 0 is similar. For
notational simplicity, instead of Z we use Zn and instead of Y1 we use Yn to emphasize their dependence on n. Thus we need to prove that
P(Zn ≤ Yn ) → 0 as n→ ∞, given E(Zn ) − E(Yn ) > ε from point #1 and Var(Zn ), Var(Yn ) → 0 from point #2 above.
[a] When n→ ∞, P(Yn > E(Yn ) + 12 ε) → 0, since from the one-sided version of the Chebyshev inequality (Grimmett and Stirzaker, 2001),
P(Yn − E(Yn ) > k) <

Var(Yn )
and
k2 +Var(Yn )

we have already shown that Var(Yn ) → 0.

[b] When n→ ∞, P(Zn < E(Zn ) − 12 ε) → 0, again due to the one-sided version of the Chebyshev inequality and from Var(Zn ) → 0.
[c] Thus for each n, [Zn ≤ Yn ] ⊆ [Yn > E(Yn ) + 12 ε] ∪ [Zn < E(Zn ) − 12 ε]
Hence P(Zn ≤ Yn ) → 0 when n→ ∞.
Appendix B.
Proof of E(Dn |within) ≤ E(Dn |between) for the diploid model
First, note that it is sufﬁcient to prove that E(Xi |within) ≤ E(Xi |between) since Dn is the mean of Xi . From Eq. (3.4), E(Xi |between) −
E(Xi |within) =
= (p4i + q4i − 2p2i q2i ) − 2(p3i + q3i − p2i qi − pi q2i ) + 2(p2i + q2i − 2pi qi )
2

= (p2i − q2i ) − 2(p2i − q2i )(pi − qi ) + 2(pi − qi )2
= (pi − qi )2 (pi + qi )2 − 2(pi − qi )2 (pi + qi ) + 2(pi − qi )2
= (pi − qi )2 ((pi + qi )2 − 2(pi + qi ) + 2) = (pi − qi )2 ((pi + qi − 1)2 + 1) ≥ 0
where there is equality, as expected, if and only if pi = qi .
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Appendix C.
Proof that  n is higher than the Bayes error En
The strategy here is show that  n is higher than the error rate of the population-trait method from Witherspoon et al. (2007), denoted
here Bn , given a large population sample, which in turn can be modeled on the overlap of generalized binomials (see Tal, 2012, for the
latter claim). It will then automatically follow that  n ≥ En since the Bayes error is the lowest classiﬁcation error possible under known
parameters. For greater simplicity, we model the generalized binomial distributions in the expressions for both  n and Bn on normal
densities (with means and variances computed from the generalized binomials) which provide good approximations due to the (Lyapunov
version) Central Limit Theorem. Since the model of the population-trait classiﬁcation method assumes without loss of generality that pi < qi ,
whenever this is not the case we replace pi with 1 − pi and qi with 1 − qi (this transformation has no effect on En and  n ). First, with respect
to the population-trait distributions, the probabilities for score Xi at locus i (taking one of three values, corresponding to genotypes AA, Aa
and aa) for population 1 are simply,
P(AA) = P(2) = p2i , P(Aa) = P(1) = 2pi (1 − pi ), P(aa) = P(0) = (1 − pi )2
and similarly for population 2 with qi . The population-trait score of a genotype is the mean of Xi across the n loci.The means and variances
of the population-trait distributions for populations 1 and 2 are therefore,

1 =

v1 =

1
1
2pi ; 2 =
2qi
n
n
n

n

i=1

i=1

1 
1 
2pi (1 − pi ); v2 = 2
2qi (1 − qi )
n2
n
n

n

i=1

i=1

Finally, Let F∼N(1 , v1 ) with pdf f, G∼N(2 , v2 ) with pdf g



−∞

1
Bn ≈
2

min(f (x), g(x))dx

(C.1)

−∞

Second, with respect to the pairwise-distance distributions (using the same population parameters), the within-single- and
between-population ASD distribution means are given in Eqs. (A.3) and (3.4), W 1 = E(Dn |within pop 1), W 2 = E(Dn |within pop 2), B =
E(Dn |between).
And the within-single- and between-population variances are given in Eq. (A.5), vW 1 = Var(Dn |within pop 1), vW 2 =
Var(Dn |within pop 2), vB = Var(Dn |between)
Such that if we let,
W1 ∼N(W 1 , vW 1 ) with pdf w1 , W2 ∼N(W 2 , vW 2 ) with pdf w2 ,
H∼N(B , vB ) with pdf h
then following Eq. (3.2),

n

≈

1
2

∞
x=−∞

⎡
⎣w1 (x)

x

⎤
h(y)dy⎦ dx +

y=−∞

1
2

∞
x=−∞

⎡
⎣w2 (x)

x

⎤
h(y)dy⎦ dx

(C.2)

y=−∞

A formal proof that  n ≥ Bn is beyond the scope of this treatment, but numerical simulations of Eqs. (C.1) and (C.2) for various scenarios of
allele frequencies across a high number of loci demonstrate that the inequality holds true.

Appendix D.
The average ratio of distances is larger than the ratio of averages
We prove this from straightforward mathematical considerations. Let X be a random variable representing Dn for the between-population
pairs and Y represent Dn for the within-population pairs, with pmf of each deﬁned in Eq. (3.1). The ratio X/Y is well-deﬁned and integrable
since for a large number of loci n, P(Y = 0) ≈ 0 (e.g., with n = 30, p = 0.1 and q = 0.2, we have P(Y = 0) = 2.3 × 10−7 ). From the application of
Jensen’s Inequality to Y,
E(

X
1
E(X)
= RAD
) = E(X) · E( ) ≥
Y
Y
E(Y )

since X and Y are independent by deﬁnition, and f = 1/z is convex.
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Appendix E.
Proof and limit of the convergence of the expectancy of RAD as n → ∞
Consider the sums Sn and Tn of n random variables f(Zi ) and g(Zi ), for some i.i.d. random variables (Zn )n≥1 distributed on (c, d) with pdf ϕ.
Let Rn = Sn /Tn and, by the strong law of large numbers, Sn /n → E(f(Z1 )) and Tn /n → E(g(Z1 )) hence Rn → E(f(Z1 ))/E(g(Z1 )) almost surely. Since
g > 0 almost everywhere on (c, d), Rn is well deﬁned. And since f/g ≤ A almost everywhere for some ﬁnite A, (Rn )n≥1 is uniformly integrable.
Hence,
E(f (Z1 ))
.
E(g(Z1 ))

lim E(Rn ) = E( lim Rn ) =

n→∞

n→∞

Now, if we let Zi be the random variable representing allele frequency pi , and f (Zi ) = E(Xi |between) and g(Zi ) = E(Xi |within), then from
the above and Eq. (7),

d
c

E(X1 |between)ϕ(p1 )dp1

d

RAD ≡ lim E(RAD ) =
n→∞

c

.

E(X1 |within)ϕ(p1 )dp1

where c = 0.01 and d = ½, and the expectations of X1 are from Eq. (3.4), where q is expressed as a function of p and FST (Appendix G, using the
‘+’ sign since p < q without loss of generality). Note that Jensen’s Inequality already suggests that this limit would always be lower than the
expectation of RAD at a single locus (n = 1), since E(U/V) = E(U)E(1/V) ≥ E(U)/E(V) for independent random variables U,V and 1/x is convex.
We also show that for a given per-locus FST , the expectation of E(Dn ) over allele frequencies is completely independent of the number
of loci, and only depends on E(Xi ).

E(Dn |within) =

d d

1
S

=

⎡
1
=
nS

⎣n

d

···
c

c

c

E(Xi |within) · ϕ(p1 ) · · · ϕ(pn )dp1 · · · dpn

i=1

c

d d

Ewn · ϕ(p1 ) · · · ϕ(pn )dp1 · · · dpn

c

n
1

n

c

d
···

c

d
···

c

d d

1
S

⎤

E(X|within) · ϕ(p)ϕ(p2 ) · · · ϕ(pn )dpdp2 · · · dpn ⎦

c

d

d d
E(X|within) · ϕ(p)dp ·

=

c

···
c

d

d d
ϕ(p)dp ·

c

d d
where S =
c

c

ϕ(p2 ) · · · ϕ(pn )dpdp2 · · · dpn
c

d

E(X|within) · ϕ(p)dp
=

c

d

ϕ(p2 ) · · · ϕ(pn )dp2 · · · dpn
c

ϕ(p)dp
c

d
···

c

c

···
c

d

d

ϕ(p1 ) · · · ϕ(pn )dp1 · · · dpn . Similarly for E(Dn |between).
c

Appendix F.
The value of  n for scenarios with a large number of loci
Using Eq. (3.2) for computing  n is hardly practical under large number of loci, given the high order derivatives involved (a 2n-th
derivative given n loci). A very good approximation can be achieved through modeling the within-single- and between-population ASD
distributions in Eq. (3.1), which are unimodal and approximately symmetric for the large n, on normal distributions. We then use Eq. (C.2)
for estimating  n and assess results base on empirical data. Witherspoon et al. (2007) describe a target scenario involving ﬁxed, rare and
common alleles in speciﬁed proportions across a set of almost 10,000 loci from 8 populations, in their Table 1, “Data Set: Microarray” and
“MAF class: All”, with average FST = 0.13. We ﬁrst compute the means and variances of the two ASD distributions using allele frequencies at
each locus sampled from Beta distributions that adhere to this target scenario. Recurrent simulations of Eq. (C.2) for two populations and
the target scenario of SNP frequencies demonstrate that  n ≈ 0 already at 200 loci (see Fig. F.1).
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Fig. F.1. Several simulations of the two-population model for  n , based on data from a target scenario in Witherspoon et al. (2007), in which the dissimilarity fraction w
reaches 3 1% at almost 10,000 loci. The discrepancy is most likely due to eight populations used in the target scenario.

Appendix G.
Any FST value corresponds to inﬁnite frequency combinations
From the standard heterozygosity-based deﬁnition for a biallelic locus (Tal, 2012),
FST =

(q − p)2
.
(p + q)(2 − p − q)

So that for a given FST , q may be expressed as a function of p (see Fig. G.1),

Population 2 SNP frequency, q

1.0

0.8

0.6

0.4

0.2

0.0
0.0

0.2

0.4

0.6

0.8

1.0

Population 1 SNP frequency, p
Fig. G.1. Inﬁnite combinations of allele frequencies p and q correspond to a given FST value, and for most p values there are two possible values of q. The graphs here are for
three FST values: FST = 0.16 (thin), FST = 0.05 (dotted), FST = 0.25 (dashed).

qFST (p) =

FST (1 − p) + p ±



2 + 4F p(1 − p)
FST
ST

1 + FST

Appendix H.
Xi for within-population pairs from either population are not independent
To prove statistical dependence it is sufﬁcient to show that f(x,y) =
/ f(x)f(y), at least in one location and under some parameterization
of the distributions. In terms of our probabilities, this translates to, P(X1 = j, X2 = k|within) =
/ P(X1 = j|within) · P(X2 = k|within)
for some, j, k ∈ {0, 1} for haploids, or {0, 1, 2} for diploids.
The haploid case:
The joint probability of a match of alleles across two loci is, P(X1 = X2 = 0|within) = 12 P(X1 = X2 = 0|within pop 1) + 12 P(X1 = X2 =
0|within pop 2). Within any speciﬁc population, there are four possibilities to draw two individuals with X1 = X2 = 0. These are pairs of
haploid individuals with haplotypes (AA, AA), (Aa, Aa), (aA, aA) or (aa, aa). Due to the independence of loci within a speciﬁc population, the
probability of drawing a pair with speciﬁc haplotypes is the product of the frequencies of the alleles appearing in the haplotypes. Thus,
P(X1 = X2 = 0|within pop 1) = (p21 + (1 − p1 )2 )(p22 + (1 − p2 )2 )
P(X1 = X2 = 0|within pop 2) = (q21 + (1 − q1 )2 )(q22 + (1 − q2 )2 )
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Therefore,
P(X1 = X2 = 0|within)
1
1
= (p21 + (1 − p1 )2 )(p22 + (1 − p2 )2 ) + (q21 + (1 − q1 )2 )(q22 + (1 − q2 )2 )
2
2
While from Eq. (2.2),
P(Xi = 0|within) = 1 − pi − qi + p2i + q2i
And indeed (for instance, at p1 = q2 = 0.5, p2 = q1 = 0.25), P(X1 = X2 = 0|within) =
/ P(X1 = 0|within) · P(X2 = 0|within)
The diploid case:
The joint probability of a distance of 2 between diploid genotypes across two loci is derived in an analogous fashion to the haploid case,
P(X1 = X2 = 2|within) = 2(p21 p22 (1 − p1 )2 (1 − p2 )2 + q21 q22 (1 − q1 )2 (1 − q2 )2 ).
While from Eq. (3), P(Xi = 2|within) = p2i (1 − pi )2 + q2i (1 − qi )2
And indeed (for instance, at p1 = q2 = 0.5, p2 = q1 = 0.25), P(X1 = X2 = 2|within) =
/ P(X1 = 2|within) · P(X2 = 2|within)
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